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CONTACT 3-MANIFOLDS WITH INFINITELY MANY STEIN
FILLINGS
BURAK OZBAGCI AND ANDRA´S I. STIPSICZ
Abstract. Infinitely many contact 3-manifolds each admitting infinitely
many, pairwise non-diffeomorphic Stein fillings are constructed. We use
Lefschetz fibrations in our constructions and compute their first homologies
to distinguish the fillings.
1. Introduction
A complex surface V is Stein if it admits a proper holomorphic embedding
f : V → Cn for some n. For a generic point p ∈ Cn consider the map ϕ : V → R
defined by ϕ(z) = ||z−p||2. For a regular value a ∈ R the level setM = ϕ−1(a)
is a smooth 3-manifold (oriented as ∂ϕ−1([0, a])) with a distinguished 2-plane
field ξ = TM ∩ iTM ⊂ TV . It turns out that ξ defines a contact structure
on M (for more about contact structures see [1, 6]) and S = ϕ−1([0, a]) is
called a Stein filling of (M, ξ). Topological properties of Stein fillings (and
slightly more generally, of strong symplectic fillings) are in the focus of current
research. Based on work of Eliashberg [4], McDuff [15] and Lisca [13] we
know, for example, that for the lens space L(p, q) equipped with a specific
contact structure ξ(p,q) there is a finite list {Sp,q(n) | n = 1, . . . , np,q} of 4-
manifolds such that any Stein filling of (L(p, q), ξ(p,q)) is diffeomorphic to some
Sp,q(n). Similar finiteness results have been verified for simple and simple
elliptic singularities [16, 17], and for homeomorphism types of Stein fillings of
the 3-torus T 3 [20]. Based on these examples it was anticipated that a contact
3-manifold (M, ξ) admits only finitely many non-diffeomorphic Stein fillings.
Genus-3 fibrations found by I. Smith [19] indicated that such an expectation
is too ambitious in general.
In the following we show the existence of an infinite family of contact 3-
manifolds each admitting infinitely many non-diffeomorphic Stein fillings.
Theorem 1.1. For all g ≥ 2 there is a contact 3-manifold (Mg, ξg) such that
Mg is diffeomorphic to Mg′ iff g = g
′ and each (Mg, ξg) admits infinitely many
pairwise non-diffeomorphic Stein fillings.
In fact, Mg can be given as the boundary of the plumbing of the disk bundle
over a genus-g surface with Euler number zero and the disk bundle over a
sphere with Euler number 2. In the proof of Theorem 1.1 we use Lefschetz
fibrations to construct the Stein fillings and we compute their first homology
groups to distinguish them. It would be most desirable to find infinitely many
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distinct fillings with trivial fundamental group; we hope to return to this point
later. Regarding finiteness of Stein fillings, we conjecture the following:
Conjecture 1.2. Let χ(X) denote the Euler characteristic of the compact
manifold X. Then the set C(M,ξ) = {χ(S) | S is a Stein filling of (M, ξ)} is
finite.
Acknowledgement: The authors would like to thank Selman Akbulut, Mustafa
Korkmaz and John Etnyre for many helpful and inspiring discussions. The
second author was partially supported by OTKA.
2. Fiber sums of Lefschetz fibrations
Let Σ be a compact, oriented and connected surface of genus g with r
marked points and k boundary components. The mapping class group Γkg,r of
Σ consists of the isotopy classes of orientation-preserving self-diffeomorphisms
of Σ, which are identity on each boundary component and preserve the set of
marked points. (The groups Γ0g,r, Γ
k
g,0 and Γ
0
g,0 will be abbreviated by Γg,r,
Γkg and Γg, respectively.) We say that a Σ-bundle P over S
1 has monodromy
h ∈ Γkg,r iff P is diffeomorphic to (Σ× I)/ (h(x), 0) ∼ (x, 1).
Definition 2.1. Let X be a compact, connected, oriented, smooth four-
manifold. A Lefschetz fibration on X is a smooth map π : X → B, where
B is a compact, connected, oriented surface, π−1(∂B) = ∂X, furthermore
each critical point of π lies in intX and has an orientation-preserving local
coordinate chart on which π(z1, z2) = z
2
1 + z
2
2 .
It follows that π has only finitely many critical points and removing the cor-
responding singular fibers turns a Lefschetz fibration into a fiber bundle with
a connected base space. Consequently all but finitely many fibers of a Lef-
schetz fibration are smooth, compact and oriented surfaces, all of which having
the same diffeomorphism type of a closed genus-g surface for some g. We will
assume that there is at most one critical point on each fiber. A Lefschetz fibra-
tion is called relatively minimal if no fiber contains an embedded 2-sphere of
self-intersection number −1. Each critical point of a Lefschetz fibration corre-
sponds to an embedded circle in a nearby regular fiber called a vanishing cycle,
and the singular fiber is obtained by collapsing the vanishing cycle to a point.
The boundary of a regular neighborhood of a singular fiber is a surface bundle
over the circle. In fact, a singular fiber can be described by the monodromy
of this surface bundle which turns out to be a right-handed Dehn twist along
the corresponding vanishing cycle. Once we fix an identification of Σ with the
fiber over a base point of B, the topology of the Lefschetz fibration is deter-
mined by its monodromy representation Ψ: π1(B−{critical values})→ Γg. In
case B = D2 the monodromy along ∂D2 = S1 is called the total monodromy
of the fibration; according to the above said it is the product of right-handed
Dehn twists corresponding to the singular fibers. A Lefschetz fibration over
S2 can be decomposed into two Lefschetz fibrations over D2, one of which
is trivial; consequently a Lefschetz fibration over S2 is determined by a rela-
tor in the mapping class group. Conversely, given a product of right-handed
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Dehn twists in the mapping class group we can construct the corresponding
Lefschetz fibration over D2, and if the given product of right-handed Dehn
twists is isotopic to identity (and g ≥ 2) then the fibration extends uniquely
over S2. The monodromy representation also provides a handlebody decom-
position of a Lefschetz fibration over D2: we attach 2-handles to Σ×D2 along
the vanishing cycles with framing −1 relative to the framing the circle inherits
from the fiber. (For a more detailed introduction to the theory of Lefschetz
fibration see [10].)
LetX → S2 be a Lefschetz fibration with generic fiber Σ and let γ1, γ2, · · · , γs
denote the vanishing cycles of this fibration. Assume that X → S2 admits a
section, i.e., there is σ : S2 → X with π ◦ σ = idS2 . The following results are
standard.
Lemma 2.2. The first homology group H1(X;Z) is the quotient of H1(Σ;Z)
by the subgroup generated by the homology classes of the vanishing cycles.
Lemma 2.3. Let X♯fX denote the fiber sum of X with itself by a self-
diffeomorphism f of the generic fiber Σ. Then X♯fX is a Lefschetz fibration
with vanishing cycles γ1, γ2, · · · , γs, f(γ1), f(γ2), · · · , f(γs).
Remark 2.4. If α is a simple closed curve on Σ, tα is the corresponding
Dehn twist and f is an orientation-preserving self-diffeomorphism of Σ, then
ftαf
−1 = tf(α) in Γ
k
g,r.
After this short introduction we begin our construction with a description of
a set of words in the mapping class groups which was discovered by Korkmaz
[12]. We focus on the odd genus case, for g even see Remark 2.8. For g =
2r + 1 ≥ 3 the following relation holds in Γg:
Wg = (tB0tB1tB2 · · · tBgt
2
at
2
b)
2 = 1
where B0, B1, · · · , Bg are shown in Figure 1 and a and b in Figure 4. Let
Xg → S
2 denote the Lefschetz fibration corresponding to the relator Wg in
Γg. Now consider the fiber sum of Xg with itself using the diffeomorphism t
n
a1
and denote the result by Xg(n). (The simple closed curve a1 is depicted in
Figure 4.) Then by Lemma 2.3 the 4-manifold Xg(n) comes with a Lefschetz
fibration Xg(n) → S
2 of global monodromy Wg(n) = WgW
tna1
g = 1. (Here
W
tna1
g means the conjugate of Wg by t
n
a1
.) Notice that by Remark 2.4 W
tna1
g
and hence Wg(n) are products of right-handed Dehn twists.
It is routine to check that the curves c1, b1, c2, b2, · · · , cg, bg and a2 (depicted
in Figure 4) are fixed by the product (tB0tB1tB2 · · · tBgt
2
at
2
b)
2 on the surface
with one puncture. This shows that (tB0tB1tB2 · · · tBg t
2
at
2
b)
2 = 1 holds in Γg,1.
Next we determine the element Wg considered in Γ
1
g. It is known that kerϕ =
{∆ng}
∼= Z for the natural homomorphism ϕ : Γ1g → Γg,1 collapsing a boundary
circle to a marked point. (Here ∆g denotes the Dehn twist along a curve
parallel to the boundary circle.) Hence Wg = ∆
n
g for some n ∈ Z follows from
the above discussion.
Lemma 2.5. (tB0tB1tB2 · · · tBg t
2
at
2
b)
2 = ∆g holds in Γ
1
g.
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B
0
B
1BB
3
2
Figure 1.
Proof. We depicted t2b tB0tB1tB2 · · · tBg t
2
at
2
b(τ) and t
−1
Bg−1
t−1Bg−2 · · · t
−1
B0
∆g(τ) in
Figures 2 and 3, respectively, where τ is shown in Figure 4. One can use
induction to obtain these figures. For example, the W -shaped part in the
middle of Figure 3 is obtained by moving the legs of W from outside to the
inside of the holes when we apply t−1Bi t
−1
Bi−1
. Now it is easy to see that
t2at
2
btB0tB1tB2 · · · tBgt
2
at
2
b(τ) = t
−1
Bg
t−1Bg−1 · · · t
−1
B0
∆g(τ)
which proves the lemma.
.  .  . .  .  .
Figure 2. t2btB0tB1tB2 · · · tBgt
2
at
2
b(τ)
.  .  . .  .  . 
Figure 3. t−1Bg−1t
−1
Bg−2
· · · t−1B0∆g(τ)
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Corollary 2.6. The Lefschetz fibration Xg(n) → S
2 admits a section σg(n)
with self-intersection number −2.
Proof. We saw that the relatorWg admits a lift under the obvious map Γg,1 →
Γg defined by forgetting the marked point. Once such a lift is fixed, it gives
a section σg of the Lefschetz fibration Xg → S
2. Similarly we get a section
σg(n) of Xg(n)→ S
2. Lemma 2.5 proved that ∆g =Wg and thus ∆
2
g =Wg(n)
in Γ1g since t
n
a1
∆gt
−n
a1
= ∆g. It is known (see [18]) that if for the relator w we
have w = ∆kg in Γ
1
g then the Lefschetz fibration X → S
2 given by w admits a
section of square −k. This observation concludes the proof.
Since our Lefschetz fibrations admit sections, Lemmma 2.2 can be applied
to compute their first homology groups:
Lemma 2.7. The first homology group H1(Xg(n);Z) of Xg(n) is isomorphic
to Zg−2 ⊕ Zn.
Proof. In the following we will denote the homology classes of curves by the
same letters as we denote the curves. Let a1, b1, a2, b2, · · · , ag, bg denote the
standard generators of the first homology group of the fiber, as depicted in
Figure 4. It is easy to see that B
tna1
i = Bi for i ≥ 2, and for an appropriate
choice of orientation on Bi, in homology we have
Bg = a+ br+1 + b, B0 = b1 + b2 + · · ·+ bg,
B
tna1
i = Bi + na1 for i = 0, 1,
B2i−1 = bi +B2i + bg−(i−1) and
B2i = ai − ai+1 +B2i+1 + ag−(i−1) − ag−i
for i = 1, · · · , r, where g = 2r+1. Thus by Lemmas 2.2 and 2.3 the homology
H1(Xg(n);Z) is an (abelian) group generated by a1, b1, a2, b2, · · · , ag, bg with
relations
ar+1 = br+1 = 0, ai + ag−(i−1) = 0, bi + bg−(i−1) = 0 and na1 = 0.
Now Lemma 2.2 implies the result.
.  .  . .  .  . 
ccc
1
1 2
a2 g−1 ga a a
gb 1 b2 bg−1 bg
b
τ
a= a
r+1
r+1
b
Figure 4.
In fact, for any given integer 0 ≤ k ≤ g − 2 and n ≥ 1, we can construct a
Lefschetz fibration over S2 with first homology group isomorphic to Zk ⊕ Zn,
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by taking twisted fiber sums of more copies of Xg. We could use any of these
fibrations in the rest of the paper as well.
Remark 2.8. If g = 2r ≥ 2 is even, similar results can be obtained for
fibrations defined by the relator Wg = (tB0tB1tB2 · · · tBgtc)
2 (see Figure 5).
In the exact same manner we can construct Xg and the twisted fiber sums
Xg(n) → S
2 with sections of square −2. The homology computation applies
without essential change and provides H1(Xg(n);Z) = Z
g−2 ⊕ Zn. (The ob-
servation preceding this remark also has its natural extension to the even g
case.) The only notable difference is that for g even the relator Wg contains
homologically trivial vanishing cycles as well — cf. the curve denoted by c on
Figure 5.
B
0
B
1
B
3
2B
c
Figure 5. Vanishing cycles in the even g case
3. Stein structures on Lefschetz fibrations with boundary
Definition 3.1. Let X be a compact 4-manifold with boundary. The map
π : X → B is a Lefschetz fibration if π satisfies the requirements of Defini-
tion 2.1 with the possible exemption of allowing π−1(∂B) 6= ∂X, and assum-
ing that π is a fiber bundle map away from the singular fibers. (Notice that
this definition allows the fiber π−1(t) to have boundary.) In the following,
LFB (Lefschetz fibration with bounded fibers) will denote a relatively mini-
mal Lefschetz fibration over D2 whose generic fiber is a surface with nonempty
boundary.
Theorem 3.2 ([3, 7, 14]). Let f : X → S2 be a Lefschetz fibration with a
section σ and let Σ denote a regular fiber of this fibration. Then S = X −
int ν(Σ∪ σ) is a Stein filling of its boundary equipped with the induced (tight)
contact structure, where ν(Σ ∪ σ) denotes a regular neighborhood of Σ ∪ σ in
X.
We only sketch the proof of the above theorem, since it was already proved
in [14, 3] (with the extra assumption of having only homologically essential
vanishing cycles in the fibration), and also appeared in [7].
Proof of Theorem 3.2 (sketch). When we remove int ν(Σ∪σ) fromX, it is clear
that we get a LFB. Thus S = X− int ν(Σ∪σ) admits a standard handlebody
decomposition: It is obtained by a sequence of steps of attaching 2-handles
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S0 = D
2 × F  S1  S2 · · ·  Sn = S , where each Si−1 is a LFB and Si
is obtained from Si−1 by attaching a 2-handle along a simple closed curve γ
lying on a fiber Σ′ ⊂ ∂Si−1. Furthermore this handle is attached to γ with the
framing k − 1, where k is the framing induced from the surface Σ′ (see text
after Definition 2.1). Inductively we assume that Si−1 has a Stein structure,
with a convex fiber Σ′ ⊂ ∂Si−1. By the “Legendrian realization principle”
of [11] (pp 323-325) applied to the homologically essential vanishing cycle γ,
after an isotopy of (Σ′, γ), γ becomes a Legendrian curve and k can be taken
to be its Thurston-Bennequin framing. If γ is homologically inessential, the
above principle does not apply verbatim. In this case choose a homologically
essential simple closed curve in the component of the complement of γ which is
disjoint from ∂Σ′. Isotope it to Legendrian position (by the above argument)
and using the local model of the contact structure along this Legendrian knot
δ isotope Σ′ to introduce new dividing curves parallel to δ. Now the Legen-
drian realization principle applies to γ since after this modification (called a
fold) each component of its complement intersects the set of dividing curves
nontrivially. (For the relevant definitions see [6, 11].) Now a celebrated result
of Eliashberg [5, 10] provides an extension of the Stein structure of Si−1 to Si.
Remark 3.3. Notice that if g is odd then all vanishing cycles are homologi-
cally essential, hence in this case no fold is necessary. In the even g case our
examples contain homologically inessential vanishing cycles (c on Figure 5),
hence application of folds is necessary.
Definition 3.4. Let M be a closed 3-manifold. An open book decomposition
of M is a pair (K,π) consisting of a (fibered) link K, called the binding , and a
fibration π : M −K → S1 such that each fiber is a Seifert surface for K. (The
fibers are also called the pages of the open book.) Let Σ′ denote a surface
with boundary. The closed 3-manifold
M = ((Σ′ × I)/ (h(x), 0) ∼ (x, 1)) ∪∂ (∂Σ
′ ×D2)
is canonically decomposed as an open book with binding ∂Σ′, page Σ′ and
monodromy h.
It is easy to see that the boundary of a LFB has a canonical open book
decomposition induced from the fibration. The pages are the fibers in the
boundary of the LFB, while the monodromy of the open book is just the total
monodromy of the LFB along S1 = ∂D2. The binding is simply the boundary
of the central fiber π−1(0).
We now turn our attention to contact structures on 3-manifolds. In [21],
Thurston and Winkelnkemper constructed a contact structure associated to a
given open book decomposition of a closed, orientable 3-manifold. Recently
Giroux [9] refined this construction by showing that an open book (K,π)
supports a unique (up to isotopy) compatible contact structure ξ, where a
contact structure ξ is called compatible with an open book (K,π) if there is
a contact 1-form α for ξ such that dα is a volume form on each fiber of π and
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the binding K is a transverse link in (M, ξ) (oriented as the boundary of a
page). In fact, Giroux established a bijection between the set of isotopy classes
of contact structures on a closed 3-manifold M and open books supported by
M ; here two open books are considered to be equivalent if they can be joined
by a sequence of positive stabilization/destabilization. In addition, Giroux
proved that ξ is Stein fillable if the monodromy of the compatible open book
decomposition can be expressed as a product of right-handed Dehn twists.
Notice that the boundary of a LFB admits two contact structures — one
induced by the Stein structure of the LFB and the other given by the open book
through the total monodromy of the Lefschetz fibration. The above result of
Giroux [9] essentially states that these two structures are isotopic. (A slightly
different proof of the same statement — resting on results of Torisu [22] —
has been given by Gay [8].)
Proposition 3.5 ([7, 8, 9]). The contact structure on the boundary of a LFB
(induced from the Stein structure) is isotopic to the contact structure associated
to the boundary of this LFB considered as an open book. In particular, any two
LFB’s bounding the same positive open book decomposition are Stein fillings
of the same contact structure.
Remark 3.6. In proving this proposition one first checks it for the trivial LFB
with no critical points (hence with total monodromy equal to id). In this case
the Lefschetz fibration is built using 1-handles only. Then an induction on the
number of 2-handles together with the observation that the handle attachment
(which is surgery on the 3-manifold level) yields an open book compatible
with the new contact structure proves the result. (This last observation only
involves a local check along a page of the open book.)
In the following we apply the above discussion to the Lefschetz fibrations
Xg(n) → S
2 we constructed in Section 2. Let Σg(n) denote a regular fiber
of the Lefschetz fibration Xg(n) → S
2 with section σg(n). Let Sg(n) denote
Xg(n)− int ν(Σg(n) ∪ σg(n)).
Lemma 3.7. The first homology group H1(Sg(n);Z) of Sg(n) is isomorphic
to H1(Xg(n);Z) = Z
g−2 ⊕ Zn.
Proof. H1(Xg(n);Z) ∼= H1(Sg(n);Z) follows from the observation that the
normal circle to the fiber is homologous to a multiple of the normal circle to
the section (shown by a push-off of the section), which bounds a punctured
fiber, hence is zero in H1(Sg(n);Z).
Proof of Theorem 1.1. Let Mg(n) denote the boundary of Sg(n) with the
contact structure ξg(n) induced by the open book provided by Sg(n) as a
LFB. Notice that Mg(n) = −∂ν(Σ ∪ σ), hence its diffeomorphism type does
not depend on n. Moreover, the total monodromy of Sg(n) is equal to ∆
2
g ∈ Γ
1
g,
hence the open book, and therefore the contact structure ξg(n) is independent
of n. Let (Mg, ξg) denote (Mg(n), ξg(n)). According to Proposition 3.5 the
Stein structures on Sg(n) (n = 1, 2, . . .) all provide Stein fillings of (Mg, ξg),
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and using Lemma 3.7 we conclude that these are pairwise non-diffeomorphic
fillings.
Since H1(Mg;Z) = Z
2g, we also see that Mg is diffeomorphic to Mg′ if and
only if g = g′, therefore the proof of Theorem 1.1 is complete. Since ν(Σ∪σ) is
just the plumbing of the disk bundle over a genus-g surface with Euler number
0 and the disk bundle over a sphere with Euler number −2, we get that Mg
(which is ∂ν(Σ∪σ) with the opposite orientation) is the boundary of a similar
plumbing (now with Euler number 2), as stated in Section 1.
Remark 3.8. The above construction just gave different factorizations of the
mapping class ∆2g ∈ Γ
1
g into products of right-handed Dehn twists. In fact,
any such factorization of an element h ∈ Γrg (r > 0) provides a Stein filling of
the contact structure induced by h, and the topological argument (computing
the first homology) helped us to distinguish the various factorizations of ∆2g.
In the light of this observation we can weaken Conjecture 1.2 to
Conjecture 3.9. For h ∈ Γrg (r > 0) there exists a constant Ch such that if
h = t1 · · · tn with ti right-handed Dehn twists then n ≤ Ch.
The following observation can serve as an evidence for Conjecture 3.9.
Lemma 3.10. For g odd the Euler characteristic χ(Sg(n)) and the signature
σ(Sg(n)) of Sg(n) are given by 11 and −16, respectively.
Proof. For g odd the Stein filling Sg(n) admits a LFB with 2g + 10 singular
fibers. Thus
χ(Sg(n)) = χ(D
2)χ(fiber) + 2g + 10 = 2− 2g − 1 + 2g + 10 = 11.
The signature σ(Xg(n)) = −16 since σ(Xg) = −8 [12] and the signature is
additive under fiber sum. It implies that σ(Sg(n)) = −16 since we remove a
piece with zero signature to get Sg(n) from Xg(n).
(For g even a similar computation gives χ(Sg(n)) = 5 and σ(Sg(n)) = −8.)
Notice that the length of the factorization h = t1 · · · tn into right-handed
Dehn twists is intimately related to the Euler characteristic of the Stein filling
induced by t1 · · · tn.
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